Clustering under Perturbation Resilience

Maria Florina Balcan and Yingyu Liang

School of Computer Science, Georgia Institute of Technology
ninamf@cc.gatech.edu, yliang39@gatech.edu

Abstract. Motivated by the fact that distances between data points in many
real-world clustering instances are often based on heuristic measures, Bilu and
Linial [6] proposed analyzing objective based clustering problems under the as-
sumption that the optimum clustering to the objective is preserved under small
multiplicative perturbations to distances between points. In this paper, we provide
several results within this framework. For separable center-based objectives, we
present an algorithm that can optimally cluster instances resilient to (1 + +/2)-
factor perturbations, solving an open problem of Awasthi et al. [2]. For the k-
median objective, we additionally give algorithms for a weaker, relaxed, and more
realistic assumption in which we allow the optimal solution to change in a small
fraction of the points after perturbation. We also provide positive results for min-
sum clustering which is a generally much harder objective than k-median (and
also non-center-based). Our algorithms are based on new linkage criteria that
may be of independent interest.
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1 Introduction

Problems of clustering data from pairwise distance information are ubiquitous in sci-
ence. A common approach for solving such problems is to view the data points as
nodes in a weighted graph (with the weights based on the given pairwise information),
and then to design algorithms to optimize various objective functions such as k-median
or min-sum. For example, in the k-median clustering problem the goal is to partition
the data into k clusters C;, giving each a center ¢;, in order to minimize the sum of
the distances of all data points to the centers of their cluster. In the min-sum cluster-
ing approach the goal is to find k clusters C; that minimize the sum of all intra-cluster
pairwise distances. Yet unfortunately, for most natural clustering objectives, finding the
optimal solution to the objective function is NP-hard. As a consequence, there has been
substantial work on approximation algorithms [1iSI7I8l9] with both upper and lower
bounds on the approximability of these objective functions on worst case instances.
Recently, Bilu and Linial [6] suggested an exciting, alternative approach aimed at
understanding the complexity of clustering instances which arise in practice. Motivated
by the fact that distances between data points in clustering instances are often based
on a heuristic measure, they argue that interesting instances should be resilient to small
perturbations in these distances. In particular, if small perturbations can cause the op-
timal clustering for a given objective to change drastically, then that probably is not
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a meaningful objective to be optimizing. They specifically define an instance to be
a-perturbation resilient for an objective @ if perturbing pairwise distances by multi-
plicative factors in the range [1, a] does not change the optimum clustering under &.
They consider in detail the case of max-cut clustering and give an efficient algorithm
to recover the optimum when the instance is resilient to perturbations on the order of
O(\/M) where 7 is the number of points and A is the maximum degree of the graph.
They also give an efficient algorithm for instance of unweighted max-cut that is resilient
to perturbations on the order of O(% ) where § is the minimum degree of the graph.

Two important questions raised by the work of Bilu and Linial [6] are: (1) the de-
gree of resilience needed for their algorithm to succeed is quite high: can one develop
algorithms for important clustering objectives that require much less resilience? (2) the
resilience definition requires the optimum solution to remain exactly the same after per-
turbation: can one succeed under weaker conditions? In the context of separable center-
based objectives such as k-median and k-center, Awasthi et al. [2]] partially address the
first question and show that an algorithm based on the single-linkage heuristic can ef-
ficiently find the optimal clustering for a-perturbation-resilient instances for a = 3.
They also conjecture it to be NP-hard to beat 3 and prove beating 3 is NP-hard for a
related notion.

In this work, we address both questions raised by Bilu and Linial [6] and additionally
improve over Awasthi et al. [2]. First, for separable center-based objectives we design a
polynomial time algorithm for finding the optimum for instances resilient to perturba-
tions of value o = 14-+/2, thus beating the previously best known factor of 3 of Awasthi
et al. [2]]. Second, for k-median, we consider a weaker, relaxed, and more realistic no-
tion of perturbation-resilience where we allow the optimal clustering of the perturbed
instance to differ from the optimal of the original in a small € fraction of the points.
This is arguably a more natural though also more difficult condition to deal with. We
give positive results for this case as well, showing for somewhat larger values of « that
we can still achieve a near-optimal clustering. We additionally give positive results for
min-sum clustering which is a generally much harder objective than k-median (and also
non-center-based). For example, the best known guarantee for min-sum clustering on
worst-case instances is an O(5 1 log!*? n)-approximation in time n°(1/%) due to [5];
by contrast, the best guarantee known for k-median is factor 3 + e due to [1].

Our results are achieved by carefully deriving structural properties of perturbation-
resilience. At a high level, all the algorithms we introduce work by first running appro-
priate linkage procedures to produce a tree, and then running dynamic programming to
retrieve the best k-clustering in the tree. To ensure that (under perturbation resilience)
the tree output in the first step has a low-cost pruning, we derive new linkage procedures
(closure linkage and approximate closure linkage) which are of independent interest.

Our Results: We provide several results for clustering perturbation-resilient instances
in the metric space for separable center-based objectives and for the min-sum objective.

In Section 3] we improve on the bounds of Awasthi et al. [2] for a-perturbation re-
silient instances for separable center-based objectives, giving an algorithm that effi-
ciently finds the optimum for a = 1 + /2. Commonly used separable center-based

! For clarity, efficient means polynomial in . (number of points) and % (number of clusters).
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objectives, such as k-median, are NP-hard to even approximate, yet we can recover the
exact solution for perturbation resilient instances. Our algorithm is based on a new link-
age procedure using a new notion of distance (closure distance) between sets that may
be of independent interest.

In Section [4] we consider the more challenging and more general notion of («, €)-
perturbation resilience for k-median, where we allow the optimal solution after per-
turbation to be e-close to the original. We provide an efficient algorithm which for
a > 2 4 /7 produces (1 + O(¢/p))-approximation to the optimum, where p is the
fraction of the points in the smallest cluster. The key property we derive and exploit is
that, except for en bad points, most points are « closer to their own center than to any
other center. Using this, we then design an approximate version of the closure linkage
criterion that allows us to carefully eliminate the noise introduced by the bad points and
construct a tree with a low-cost pruning that is a good approximation to the optimum.

In Section [5| we provide the first efficient algorithm for optimally clustering c--min-
sum perturbation resilient instances. Our algorithm is based on an appropriate modifi-
cation of average linkage that exploits the structure of such instances.

Due to the lack of space we only provide sketches for most proofs in this paper. Full
proofs appear in the long version of the paper [4]]. In the long version, we also provide
sublinear-time algorithms, showing algorithms that can return an implicit clustering
from only access to a small random sample.

2 Notation and Preliminaries

In a clustering instance, we are given a set S of n points in a finite metric space, and we
denote d : S xS — R as the distance function. ¢ denotes the objective function over
a partition of S into k < n clusters which we want to optimize, i.e. @ assigns a score to
every clustering. The optimal clustering w.r.t. ¢ is denoted as C = {C1,Cs,...,Ck},
and its cost is denoted as OPT . The core concept we study in this paper is the pertur-
bation resilience notion introduced by Bilu and Linial [6]. Formally:

Definition 1. A clustering instance (S, d) is a-perturbation resilient to an objective ¢
ifforanyd : Sx S — Rs.t.Vp,q € S,d(p,q) < d'(p,q) < ad(p, q), there is a unique
optimal clustering C' for @ under d’ that equals the optimal clustering C under d.

In this paper, we focus on center-based and min-sum objectives. For center-based ob-
jectives, we consider separable center-based objectives defined by Awasthi et al. [2].

Definition 2. A clustering objective is center-based if the solution can be defined by
partitioning S into k clusters P = {P1, Ps, ..., Pi} and assigning a set of centers
p = {p1,p2,...,pr} C S for the clusters. Such an objective is separable if it further-
more satisfies the following two conditions: 1) The objective function value of a given
clustering is either a (weighted) sum or the maximum of the individual cluster scores;
2) Given a proposed single cluster, its score can be computed in polynomial time.

For example, for the k-median objective which we study substantially, the objective
is o(P,p) = Zle >_pep, A(p;p;). Other examples of center-based objectives in-

clude k-means for which ¢(P,p) = Zle > pep, @(p,pi), and k-centers for which
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d(P,p) = maxf:1 maxpep, d(p, p;). The centers in the optimal solution are denoted
asc = {ci,...,ck}. Clearly, in an optimal solution, each point is assigned to its nearest
center. In such cases, the objective is denoted as ¢(c).

We also consider a different type of objective function: the min-sum objective. For
this objective, S is partitioned into k clusters P = {Py, Ps, ..., P}, and the goal is to
minimize $(P) = Zle > paep, 4D, Q).

In Section 4 we consider a generalization of Definition [1| where we allow a small
difference between the original and the new optimum after perturbation. Formally:

Definition 3. Let C be the optimal k-clustering and C' be another k-clustering of a set
of n points. We say C' is e-close to C if minycs, Zle |Ci\ C” ()| < en, where o is a

o

matching between indices of clusters of C' and those of C.

Definition 4. A clustering instance (S, d) is (., €)-perturbation resilient to an objec-
tive @ if forany d' : S x S — Rs.t. Vp,q € S,d(p,q) < d'(p,q) < ad(p,q), the
optimal clustering C' for @ under d' is e-close to the optimal clustering C under d.

For simplicity, we use shorthand d(A4,B) = > 4> ,pd(p.q) and d(p,B) =
d({p}, B). Also, we will sometimes assume that min; |C;| and en is known. (Other-
wise, we can simply search over the n possible different values for each parameter.)

3 «-Perturbation Resilience for Center-Based Objectives

In this section we show that, for o > 14++/2, if the clustering instance is a-perturbation
resilient for separable center-based objectives, then we can efficiently find the optimal
clustering. This improves on the o > 3 bound of Awasthi et al. [2] and stands in sharp
contrast to the NP-Hardness results on worst-case instances. Our algorithm succeeds
for an even weaker property, the a-center proximity, introduced in Awasthi et al. [2].

Definition 5. A clustering instance (S, d) satisfies the c-center proximity property if
Sfor any optimal cluster C; € C with center ¢;, Cj € C(j # i) with center c;, any point
p € C; satisfies ad(p, c;) < d(p, ;).

Lemma 1. (/2]) Any clustering instance that is a-perturbation resilient to separable
center-based objectives also satisfies the a-center proximity.

The proof follows by constructing a specific perturbation that blows up all the pairwise
distances within C; by a factor of .. By a-perturbation resilience, the optimal clustering
remains the same, which then implies the desired result. In this section, we prove our
results for a-center proximity. The results also hold for a-perturbation resilience since
it implies a-center proximity. We begin with some key properties.

Lemma 2. For any points p € C; and q € C;(j # 1) in the optimal clustering of an
«-center proximity instance, when o > 1 + V2, we have:

(1) d(ci,q) > d(ci,p), (2) d(p,c;) < d(p,q).
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Proof. (1) By Lemma [I} d(q,¢;) > ad(q,c;). By triangle inequality, d(c;, c;)
d(q,¢;) + d(q,c;) < (14 L)d(q, ;). Also, d(p,c;) > ad(p, ;) and thus d(c;, c;)
d(p,c;) — d(p, ¢;i) > (o« — 1)d(p, ¢;). The result follows by these inequalities.

(2) It also follows from triangle inequality. The proof appears in [2].

<
2

O

Lemma [2] implies that for any optimal cluster C;, the ball of radius max,ec;, d(c;, p)
around the center ¢; contains only points from C;, and moreover, points inside the ball
are each closer to the center than to any point outside the ball. Inspired by this structural
property, we define the notion of closure distance between two sets as the radius of the
minimum ball that covers the sets and has some margin from points outside the ball.
We show that any (strict) subset of an optimal cluster has smaller closure distance to
another subset in the same cluster than to any subset or union of other clusters. Using
this, we will be able to define an appropriate linkage procedure that produces a tree on
subsets that will all be laminar with respect to the optimal clusters. This will then allow
us to extract from the tree the optimal solution using dynamic programming. We now
define the notion of closure distance and then present our algorithm.

Definition 6. Let B(p,r) = {q : d(q,p) < r}. The closure distance dgs(A, A) be-
tween two disjoint non-empty subsets A and A’ of point set S is the minimum d > 0
such that there is a point c € AU A’ satisfying the following requirements:
(1) coverage: the ball B(c,d) covers Aand A', i.e. AU A’ C B(c,d);
(2) margin: points inside B(c, d) are closer to the center c than to points outside,

ie. Vp € B(c,d), q € B(c,d), we have d(c,p) < d(p, q).

Note that for any A, A’, dg(A4, A’) = ds(A’, A) < maxy qcsd(p,q), and it can be
computed in polynomial time.

Algorithm 1. Separable center-based objectives, o perturbation resilience

Input: Data set .S, distance function d(-,-) on S.

Phase 1: Begin with n singleton clusters.

e Repeat till only one cluster remains: merge clusters C, C’ which minimize ds(C, C").

e Let 7" be the tree with single points as leaves and internal nodes corresponding to the merges.

Phase 2: Apply dynamic programming on 7" to get the minimum cost pruning C.
Output: Clustering C.

Theorem 1. For (1 ++/2)-center proximity instances, Algorithm[Il outputs the optimal
clustering in polynomial time.

The proof follows from the following key property of the Phase 1 of Algorithm[il

Theorem 2. For (1 + /2)-center proximity instances, Phase 1 of Algorithm [I] con-
structs a binary tree such that the optimal clustering is a pruning of this tree.

Proof. We prove correctness by induction. In particular, assume that our current clus-
tering is laminar to the optimal clustering — that is, for each cluster A in our current
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clustering and each C in the optimal clustering, we have either A C C, or C C A or
AN C = . This is clearly true at the start. To prove that the merge steps preserve the
laminarity, we need to show the following: if A is a strict subset of an optimal cluster C;,
A’ is a subset of another optimal cluster or the union of one or more other clusters, then
there exists B from C; \ A in the current clustering, such that ds(4, B) < dg(4, A’).

Let d = maxyec; d(c;,p),p* = argmaxpec, d(c;, p). We first prove that there is
a cluster B C C; \ A in the current clustering such that dg(A, B) < d. There are
two cases. First, if ¢; ¢ A, then define B to be the cluster in the current clustering
that contains ¢;. By induction, B C C; \ A. Then we have dg(B, A) < d since there
is¢; € B, and (1) for any p € AU B, d(c¢;,p) < d, (2) for any p € S satisfying
d(c;i,p) < d, and any g € S satisfying d(c;, q) > d, by LemmalRlwe know p € C; and
q & C;, and thus d(¢;, p) < d(p,q). Second, if ¢; € A, we pickany B C C; \ Aand a
similar argument gives ds(A, B) < d.

As a second step, we need to show that d < d= ds(A, A"). There are two cases:
the center for dg(A, A’) is in A or in A’. In the first case, there is a point ¢ € A
such that ¢ and d satisfy the requirements of the closure distance. Pick a point ¢ €
A’, and suppose C; is the optimal cluster that contains ¢. As d(c,q) < d, and by
Lemma 2 d(c;,q) < d(c,q), we must have d(cj,c) < d (otherwise it violates the
second requirement of closure distance). Then we have d = d(p*, ¢;) < d(p*, ¢j)/a <
(d + d(ci,c) + d(c,¢j))/o from Lemma [l and triangle inequality. Since d(c;,c) <
d(c,cj)/a, we can combine the above inequalities and compare d and d(c, ¢;), and
when o > 1 + /2 we have d < d(c,c;) < d.

case l:cin A case 2:cin A'

Fig. 1. Nllustration for comparing d and ds(A, A") in Theorem[2]

Now consider the second case, when there is a point ¢ € A’ such that ¢ and d satisfy
the requirements of the closure distance. Pick a point ¢ € A. We have d > d(c,q)
from the first requirement, and d(c, q¢) > d(c;, q) by Lemma[2l Then from the second
requirement d(c;, ¢) < d. So by Lemmall d = d(c;, p*) < d(c;, ¢) < d. 0

Note: Our factor of @ = 1+ v/2 beats the NP-hardness lower bound of o = 3 of [2]] for
center proximity instances. The reason is that the lower bound requires the addition of
Steiner points that can act as centers but are not part of the data to be clustered (though
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the upper bound of [2] does not allow such Steiner points). One can also show a lower
bound for center proximity instances without Steiner points. In particular one can show
that for any € > 0, solving (2 — ¢)-center proximity k-median instances is NP-hard [L0].

4 (o, €)-Perturbation Resilience for the k-Median Objective

In this section we consider a natural relaxation of the a-perturbation resilience, the
(a, €)-perturbation resilience, that requires the optimal clustering after perturbation to
be e-close to the original. We show that for («, €)-perturbation resilient instances, with
a > 2++/7and e = O(€'p) where p is the fraction of the points in the smallest cluster,
we can in polynomial time output a clustering that provides a (1 + ¢’)-approximation
to the optimum. Thus this improves over the best worst-case approximation guarantees
known when € < 2 and also beats the lower bound of (1 + 2/e) on the best approxi-
mation achievable on worst case instances for metric k-median [9] when ¢ < 1/e.

The key idea is to understand and leverage the structure implied by (, €)-perturbation
resilience. We show that perturbation resilience implies that there exists only a small
fraction of points that are bad in the sense that their distance to their own center is not
« times smaller than their distance to any other centers in the optimal solution. We then
use this bounded number of bad points in our clustering algorithm.

4.1 Structure of («, €)-Perturbation Resilience

To understand («, €)-perturbation resilience, we need to consider the difference between
the optimal clustering C under d and the optimal clustering C’ under d’, defined as
minges, Zle |Ci\C?, @) |. Without loss of generality, we assume in this subsection that

C’ is indexed so that the argmin o is the identity, and the difference is Zle |C;i \ CY).
We denote by ¢ the center of C/.

In the following we call a point good if it is « times closer to its own center than to
any other center in the optimal clustering; otherwise we call it bad. Let B; be the set
of bad points in C;. Thatis, B; = {p : p € C;,3j # i,ad(ci,p) > d(c;,p)}. Let
G; = C; \ B; be the good points in cluster C;. Let B = U; B; and G = U;G;. We show
that under perturbation resilience we do not have too many bad points. Formally:

Theorem 3. Suppose the clustering instance is (o, €)-perturbation resilient to k-median
and min; |C;| > 2% en. Then |B| < en.

Here we describe a proof sketch of the theorem. In the full version we provide the
detailed proof, and also point out that the bound in Theorem [3]is an optimal bound
for the bad points in the sense that for any o > 1 and € < %, we can construct an
(a, €)-perturbation resilient 2-median instance which has en bad points.

Proof Sketch of [Theorem 3] The main idea is to construct a specific perturbation
that forces certain selected bad points to move from their original optimal clusters.
For technical reasons, we only perturb a selected subset of bad points, and show that
they move out after perturbation. Then the (c, €)-perturbation resilience leads to a
bound on the number of selected bad points, which can also be proved to be a bound
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on all the bad points. The selected bad points B; in cluster C; are defined by arbi-
trarily selecting min(en + 1,|B;|) points from B;. Let B = U;B;. For p € Bl,
let c(p) = argmin,; j-; d(p, ¢;) denote its second nearest center; for p € C; \ Bi,
¢(p) = ¢;. The perturbation we consider blows up all distances by a factor of « except
for those distances between p and ¢(p). Formally, we define d’ as d'(p, q) = d(p, q) if
p = ¢(q) or ¢ = ¢(p), and d'(p, q) = ad(p, q) otherwise.

The key challenge in proving a bound on the selected bad points is to show that
¢; = ¢; forall i, 1.e., the optimal centers do not change after the perturbation. Then in the
optimum under d’ each point p is assigned to the center ¢(p), and therefore the selected
bad points (B) will move from their original optimal clusters. By (a, €)-perturbation
resilience property we get an upper bound on the number of selected bad points.

Suppose C! is obtained by adding point set A; and removing point set M; from C;,
ie. A; = CI\C;, M; = C;\C}. Atahighlevel, we prove that ¢; = ¢/ for all ¢ as follows.
We first show that for each cluster, its new center is close to its old center, roughly
speaking since the new and old clusters have a lot in common (Claim [I)). We then show
if ¢/ # ¢; for some i, then the weighted sum of the distances >, ., ., |Cild(c;, ¢})
should be large (Claim 2). However, this contradicts Claim[dl so c = ¢, for all i.

Claim 1. For each i, d(c;, (C; N C!)\ B;) > 31? |(:; Ld(c;, k).

Proof Sketch: The key idea is that under d’, ¢} is the optimal center, so it has no more
cost than ¢; on C!. Since B; \ M; and A; are small compared to (C; NCY) \EZ, ¢, cannot
save much on B; \ M; and A;, thus it cannot have much more cost on (C; N CY) \ B;
than ¢;. Then ¢} is close to (C; N CY) \ B;, and so is ¢;, then ¢} is close to ¢;. Formally,
we have d' (¢}, C!) < d'(¢;, C}). We divide C! into (C; N C!)\ B;, B; \ M; and A;, and
move terms on (C; N C?) \ B; to one side (the cost more than ¢; on (C; N CY) \ B;), the
rest terms to another side (the cost saved on Bi \ M; and A;). After translating from d’
to d, we apply triangle inequality and obtain the claim. a

Claim 2. Let I; = 1 if ¢; # ¢} and I; = 0 otherwise. Then we have
K c,
S ciey Tid(ei (Cin )\ Bi) < 30, iy Shd(cs ).

Proof Sketch: The key idea is that the clustering that under d’ assigns points in C! \ B;
to ¢; and points p in B; \ M; to ¢(p), saves much cost on (C; N C?) \ B; compared to
the optimal clustering {C/} under d', if ¢} # ¢;. Then {C}} must save this cost on other
parts of points. So {c;} should be near these points and {c;} should be far away, and
the weighted sum of the distances between {c,} and {c¢;} should be large. Formally,
> d (e, Cf) <37 d (e, C \ B;)+ Zpefii\M,- d'(c(p), p)] since {c}} are the optimal
centers for C/ under d’. By diViding C! into Ay, B; \ M; and (C; N C}) \ Bj, and by
the fact a ), d(c;, C;) < o), d(c}, C;) since ¢; are the optimal centers, we can show
that {C/} should save as much as approximately (o — 1) 3>, d(c;, (C; N C%) \ B;) cost
on points other than (C; N CY) \ B;. Then the result follows by triangle inequality. O

These claimslead t0 ) 0, ., |Cild(ci, ¢f) [1 — (o + 2)1; /(e + 1)] > 0.1f [; = 0, then

d(ci,ci) = 05 if I; = 1, the coefficient of d(c;, c}) is negative. So the left hand side is
at most 0. Then all terms equal 0, i.e. d(c;, ¢}) = 0(1 < i < k). Then points in B; will
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move to other clusters after perturbation, Yvhich means that Bl C M;, thus B C U; M;.
Then |B| < |U; M;] < en. In particular, |EZ| < en forany 7. Then |B;| < en, otherwise
|B;| would be en + 1. So B; = By, and B = B and |B| = |B| < en. O

4.2 Approximating the Optimal Clustering

Since (a, €)-perturbation resilient instances have at most en bad points, we can show
that for o > 4 such instances satisfy the e-strict separation property (the property that
after eliminating an e fraction of the points, the remaining points are closer to points in
their own cluster than to other points in different clusters). Therefore, we could use the
algorithms in [3]] to output a tree with a pruning e-close to the optimal clustering. How-
ever, this pruning might not have a small cost and it is not clear how to retrieve a small
cost clustering from the tree constructed by these generic algorithms. Here we design
a new algorithm for obtaining a good approximation for («, €)-perturbation resilient
instances. This algorithm first uses a novel linkage procedure based on an approximate
version of the closure condition in Section[3]to construct a tree, and then processes the
tree to output a desired clustering. We first define the approximate closure condition.

Definition 7. Suppose C' is a clustering of S and p,q € S.
Let Up,q denote the set of clusters that are nearly contained in the ball B(p, d(p, q)),
ie.Up, ={C|C €C",|C\B(p,d(p,q))| < en,CNB(p,d(p,q)) #0}.
The ball B(p, d(p, q)) satisfies the approximate closure condition with respect to C' if
| Uceu,., C| > min; |C;| — en and the following conditions are satisfied:
(1) approximate coverage: it covers most of Uy, 4, i.e. |Ucev, ,Ci\B(p, d(p, q))| < enfl
(2) approximate margin: after removing a few points outside the ball, points inside

are closer to each other than to points outside, i.e. IE C S\ B(p, d(p, q)),|E| < en,

S.1. vPl»pQ € B(pvd(pvq))’ q1 € S\B(pvd(pvq))\E’ we have d(plva) < d(plvql)-

We are now ready to present our main algorithm for the («, €)-perturbation resilient in-
stances, Algorithm[2] Informally, it starts with singleton points in their own clusters. It
then checks in increasing order of d(p, q) whether the ball B(p, d(p, q)) satisfies the ap-
proximate closure condition, and if so it merges all the clusters nearly contained within
B(p,d(p, q)). As we show below, the tree produced has a pruning that respects the op-
timal clustering. However, this pruning may contain more than k-clusters, so in the
second phase, we clean the tree so that there is a pruning with k-clusters that coincides
with the optimal clustering on the good points. Finally we run dynamic programming to
get the minimum cost pruning, which provides a good approximation to the optimum.

Our main result in this section is Theorem[d] which follows from Lemma[3|for Phase
1 of the algorithm and Lemmal] for Phase 2.

Theorem 4. For («, €)-perturbation resilient instances to k-median, if o > 2 + VT
and € < p/8 where p = min; |C;|/n, then in polynomial time, Algorithm[2 outputs a
tree T that contains a pruning e-close to the optimal clustering. Moreover, if e < pe’ /8
where € < 1, the clustering produced is a (1 + €')-approximation to the optimum.

? Note that in the definition of U, 4, each cluster in it has at most en points outside B(p, d(p, q)).
But the approximate coverage is stronger: U, 4, as a whole, can have at most en outside.
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Algorithm 2. k-median, («, €) perturbation resilience

Input: Data set S, distance function d(-, -) on .S, min; |Cs|, € > 0

Phase 1: Initialize C’ to be the clustering with each singleton point being a cluster.

e Sort all the pairwise distances d(p, q). For d(p, q) in ascending order,

o IfB(p,d(p, q)) satisfies approximate closure condition and U, 4| > 1, merge Up, 4.

o Construct the tree 1" with points as leaves and internal nodes corresponding to the merges.
Phase 2: If a node has only singleton points as children, delete his children; get 7”.

e Assign any singleton node p to the non-singleton leaf of smallest median distance; get T".
Phase 3: Apply dynamic programming on T to get the minimum cost pruning C.

Output: Clustering C, (optional) tree T.

Lemma3. If o > 2+ /7, € < p/8, then the tree T contains nodes N;(1 < i < k)
such that N;\ B = C; \ B.

Proof Sketch: For each i, we let g; = arg max,cc,\ g d(c;, ¢). The proof follows from
two key facts: (1) If C’ \ B is laminar to C \ B right before checking some d(p, ¢), and
Up.q contains both good points from C; and C; (i # j), then d(c;, g ) and d(c;, g} ) are
checked before d(p, ¢). (2) If C’ \ B is laminar to C \ B right before checking d(c;, ¢}),
we have that right after checking d(c;, ¢;') there is a cluster containing all the good
points in cluster ¢ and no other good points.

Consider any merge step s.t. U, , contains good points from both C; and C;(j # 7).
Fact (1) implies both d(c;, ¢f) and d(c;, qj) must have been checked, and then fact (2)
implies all good points in C; and C; respectively have already been merged. So the
laminarity is always satisfied. Then the lemma follows from fact (2).

We now prove fact (1). Suppose that there exist good points from C; and C; in
U,,q. From the laminarity assumption, the fact that clusters in U,, , have only en points
outside B(p, d(p, ¢)) and |B| < en, we can show there exist good points p; € C; and
p;j € Cj inB(p,d(p, q)). When o > 2 + /7 we can show d(c;, ¢7) < d(pi,p;)/2, and
by triangle inequality d(p;, p;)/2 < d(p, q), so d(p, q) > d(c;, ¢} ). The same argument
leads to d(p, q) > d(cj,q}). So d(ci, gf) and d(c;, g} ) are checked before d(p, q).

We now prove fact (2). It is sufficient to show that Uceu,, ,- C\B =C;\B
and U, ¢+ satisfies the approximate closure condition. First, Uci,;; contains no good
points outside C; by fact (1). Second, any C' containing good points from C; is in
Ue, 47 - By fact (1), C has no good points outside C;. Since B(c;, d(c;, g;)) contains all
good points in C;, C has only bad points outside the ball, so C' € U, 4+. We finally
show U, ¢+ satisfies the approximate closure condition. Since in addition to all good
points in Cj, Uceu,, .- C can only contain bad points, it has at most en points outside

B(c;,d(cq, qf)), so approximate coverage condition is satisfied. And we can show for
a > 24+/7, 2d(c;, g ) is smaller than the distance between any pointin B(c;, d(ci, ¢}))
and any good point outside C;. Then let E = B \ B(¢;, d(¢;, ¢F)), approximate margin
condition is satisfied. We also have | Uceu.,, C|>|C;\ B| > min,; |C;| —en. O

Lemmad. [fa > 2+/7, ¢ < ¢p/8wheree <1, then Cisa (1 + €')-approximation.

Proof Sketch: By Lemma 3l 7" has a pruning P that contains N;(1 < i < k) and
possibly some bad points, such that N; \ B = C; \ B. Therefore, each non-singleton
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leaf in 7" has only good points from one optimal cluster and has more good points than
bad points. This implies that each singleton good point in 7" is assigned to a leaf that
has good points from its own optimal cluster.

So after Phase 2, P in T becomes P’ = { N/} in T such that N/ \ B = C; \ B. Itis
sufficient to prove the cost of P’ approximates OPT, i.e. to bound the increase of cost
caused by a bad point p; € C; ending up in N/ (¢ # 7). There are two cases: p; belongs
to a non-singleton leaf node in 7" or p; is a singleton in 7. In either case, we can find
K = (min, |C;| —en)/2 —en good points p;; from C; in the leaf in which p; ends up in
T,and K good points p;s from Cj in any other leaf containing only good points from
C}, such that d(p;, pit) < d(p;,pjs)- Then d(p;, c;) — d(pj, ¢;) can be bounded by

el )+ )] = E [d5pie) — dloscy)] | < £OPT.

1<t<K 1<s<K

As |B| < en, the cost of P is < (1 + 2)OPT. Setting ¢’ > <= gives the lemma. O

We note that approximate margin condition in the Definition [/ can be verified in
O(n?) time by enumerating p1,p2 € B(p,d(p, q)),¢1 & B(p,d(p, q)), and checking if
there are no more than en such ¢; that there exist pp, p2 violating the condition. So the
algorithm runs in polynomial time.

5 «a-Perturbation Resilience for the Min-Sum Objective

In this section we provide an efficient algorithm for clustering a-perturbation resilient
instances for the min-sum k-clustering problem (Algorithm [3). We use the following
notations: dg.4(A, B) = d(A, B)/(|A||B]) and dguy(p, B) = davg({p}, B).
Theorem 5. For (3%&)-perturbation resilient instances to min-sum,
AlgorithmBloutputs the optimal min-sum k-clustering in polynomial time.

Algorithm 3. Min-sum, « perturbation resilience

Input: Data set .S, distance function d(-, -) on .S, min; |C}|.

Phase 1: Connect each point with its % min; |C;| nearest neighbors.

o Initialize the clustering C’ with each connected component being a cluster.

e Repeat till one cluster remains in C: merge clusters C, C” that minimize dg.q(C, C").

e Let T be the tree with components as leaves and internal nodes corresponding to the merges.

Phase 2: Apply dynamic programming on 7" to get the minimum cost pruning C.
Output: Output C.

Proof Sketch: First we show that the a-perturbation resilience property implies that
for any two optimal clusters C; and C; and any A C C;, we have ad(A4,C; \ A) <
d(A,Cj). This follows by considering the perturbation where d'(p,q) = ad(p,q)
ifp e Ajq € C;\ Aand d'(p,q) = d(p,q) otherwise, and using the fact that
the optimum does not change after the perturbation. This can be used to show that
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when a > 3%0‘6‘1'1 we have: (1) for any optimal clusters C; and C; and any

A C C;, A C Cj S.t. min(|Ci \ A|, |CJ \ A/|) > min; |Cz|/2 we have davg(A, A/) >
min{dgug (A, C; \ A), davg (A, C; \ A")}; (2) for any point p in the optimal cluster C;,
twice its average distance to points in C; \ {p} is smaller than the distance to any point
in other optimal cluster C;. Fact (2) implies that for any point p € C; its |C;|/2 nearest
neighbors are in the same optimal cluster, so the leaves of the tree 1" are laminar to the
optimum clustering. Fact (1) can be used to show that the merges preserve the laminar-
ity with the optimal clustering, so the minimum cost pruning of 7" will be the optimal
clustering, as desired. See the full version for the details. O

6 Discussion and Open Questions

In this work, we advance the line of research on perturbation resilience in clustering in
multiple ways. For a-perturbation resilient instances, we improve on the known guar-
antees for center-based objectives and give the first analysis for min-sum. Furthermore,
for k-median, we analyze and give the first algorithmic guarantees known for a relaxed
but more challenging condition of («, €)-perturbation resilience, where an e fraction of
points are allowed to move after perturbation. We also give sublinear-time algorithms
for k-median and min-sum under perturbation resilience in the long version.

A natural direction for future investigation is to explore whether one can take ad-
vantage of smaller perturbation factors for perturbation resilient instances in Euclidian
spaces. More broadly, it would be interesting to explore other ways in which perturba-
tion resilient instances behave better than worst case instances (e.g., natural algorithms
converge faster).
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